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The Gains from Diversification Reconsidered:
Transaction Costs and Superior Information

BY AZRIBL LEVY AND MILES LIVINGSTON

Whilc theory implies broad diversification, many investors hold portfolios with o sur-
prisingly small number of securities. This paper shows that transactions costs and superior
information may provide strong incentives not (o diversily.

L INTRODUCTION

In the years since Markowitz's seminal article (1952) and book (1959), much has
been written about the benefits of portlolio diversification. While theory implies
broad diversification, many investors hold portfolios with a surprisingly small
number of securitics,! This paper examines three explanations for this lack of
diversification in a mean-variance world with identical means and with a risk-free
asset.? First, most of the benefits of diversification arc shown theoretically to
occur for relatively small numbers of securities, providing formal proof of (he
simulation resulis of. Bvans and Archer (1968). Second, ransactlions costs are
shown to significantly reduce the optimal number of sccurities in the portfolio.
With transactions costs, portfolio separalion is shown to breakdown, in gencral;
investors with different wealth levels, as well as investors with the same wealth
levels, typically hold different optimal portfolios. Third, supcrior information
about a particular security is found to provide strong incentives 1o concentrale
a portfolio and reduce the optimal number of securitics in the portfolio. These
three factors combine to imply optimal portfolios with relatively small numbers
of securities, In this world of concentrated portfolios, the Generalized CAPM of
Levy (1978) provides an explanation of equilibrium.

The first part of the paper examines the benefits and costs of diversification
assuming a mean-variance framework wilh a risk-frce asset and idenlical return
distributions for all securities (i.c., cqual means and standard deviations). There are
diversification benefits if the correlation coefficients between the pairs of securities
are less than 1.0. As securities are added to the portfolio, the risks are reduced

ISeo Blume et at, (1974), Blume and Fricnd (1975, 1978) and Lease et al. (1976) for evidenco that
many investors hold small aumbers of securilies in their portfolios, French and Poterba (1991) provide
cvidence that intemational Investors hold portfolivs over-concentrted in domestie securitics,

*The mean-variance framework appies if relum distributors are normal and/or IF quadratic wility
funciions apply. Levy and Markowitzshow that the mean variance oplimization is 2 goud approximation
fot the optimal expected utility for a wide range of utility functlons and empirical distributions. See
Levy and Markowitz (1979), Kroll, Levy and Markowitz (1984), Pulley (1981, 1983, 1983).

Financiel Markets, Institutions & Instruments, V. 4, N, 3, August 1995. & 1995 New York University Sulomon
Center. Published by Blackwell Publishers, 218 Main Stect, Cambridge, MA 02142, USA, and 108 Cowley Road.
Orford, 0X4 1IE, UK.
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2 Azriel Levy and Miles Livingston

al a decreasing rate. For corrclation coefficients of .50 or targer, close to 90%
of the maximum diversification benefits are shown 1o occur with a portfolio size
of 10 securitics, confirming the simulation results of Evans and Archer (1968).
If the standard deviations differ so that the largest standard deviation is no more
than | 4 k times the average slandard deviation, the portfolio size required for a
particular levet of diversification is no more than 1 + & limes as large as the case
with identical standard deviations.

The second part of the paper adds transaction costs. The optimal porifoliosize is
shown to depend upon investor wealth, the form of the cost function and investor
utility functions. That is, portfolio separation does not hold, in general. For a
given wealth level, portfolio composition is shown to depend upon investor utility
functions excepl in special cases. Il transactions cost per dollar of wealth decrease
as wealth increascs, portfolio size is shown to increase as wealth increases. Then,
small investors will hold a small number of securities in their portfolio, consistent
with the empirical findings of Blume et atia (1974, 1975, 1978) and Leasc ct alia
(1976). Small investors will tend to find mutual funds more cost effective than
direct investment.

Optimal portfolio size is cxamined for brokerage cost functions currently avail-
able in the market. Large volume discount brokers charge a fixed fee per share,
This per share charge causes a downward parallel shift in the cfficient frontier and
implies highly diversified portfolios for the institutions using this type of broker.
Small volume discount brokers have (piccewise) lincar brokerage cost functions,
‘This type of brokerage cost function sharply reduces the benefits of diversification
and implies relatively small portfolios for the small investors who would use these
small volume discounl brokers,

The third part of the paper adds a superior assel. The cxistence of superior in-
formation about a specific security (or portfolio of securities) is shown to provide
a strong incenlive lo concentrate the portfolio. Surprisingly small amounts of su-
perior information are shown to bring about considerable portfolio concentration.?

The Iast part of the paper considers transactions costs and a superior asset. The
introduction of a supcerior assct reduces the number of average securities in the
portfolio, in general. Thus, transactions costs and superior information act in the
same direction, tending to reduce the number of securities held in a portfolio,

H. PORTTFOLIO SIZE WITH AVERAGE SECURITIES

This section cxamines he impact of diversification upon portfolio standard devia-
tion in a mean-variance world. Initially, there are assumed to be N distinct, risky
securities, each of which has the same expected return of i, and standard deviation

¥These results are consistent with the emplrical results of Blume & Friend (1975, 1978), Lease el
alia (1976) and French and Porterba (1991) who find that intermetional investors many over concentrate
their portfolios in domestic securities because of superioe information, The resulls ure ulso consisten
with the theoretical and simulation resulls of Best and Grauer (1991).




The Gains From Diversification Reconsidered 3

of 0,. The correlation coefficicnt of returns is r, the same for all securities. Under
these assumptions, we show that (1) the percentage reduction in portlolio standard
deviation is independent of the level of standard deviation, (2) the percentage re-
duction increases at a decreasing rate as portfolio size increases, (3) a reduction in
the currelation coefficient increases the percentage reduction of portfolio standard
deviation, (4) a very large proportion of the attainable portfolio diversification
tends to occur by the time portfolio size is ten securities.

The later part of this scction suspends the assumptions of the same standard
deviation and correlation coeflicient for all sccuritics, ‘The identical resuits apply
for the average variance and average covarinnce of securitics. ‘This finding explaing
the simulation results of Evans and Archer.

THE SAME VARIANCE AND COVARIANCE FOR ALL SECURITIES

When the standard deviation is o, for all securities and the correlation coefficient
of returns is r for all sceuritics, the portfolio standard deviation for an equally-
weighted portfolio of n sceuritics denoted by o, is

l. 7l 2 ] n
o= |ma By ®
i=t

i=l ftf

Nole that the term o2 is the covariance hetween the pairs, By taking the sums,
equation (1) simplifies to

= Jﬁ+-—("" Dagr @
n n
—o2r I —r
rr,,=Ja}r+-a—‘-'Ta3—=au r+T=a¢.—\/r—‘ (3)

Where r* = r + (1 — r)/n. That is, the portfolio standard deviation is the square
root of the covariance plus one nth of the difference between the variance and
Covariance,?

Figure 1 graphically shows the impact of increased portfolio size on the porl-
folio standard deviation.> For a single-security portfolio, the porifolio standard .l
deviation is o,. For a 2-security portlolio, the purtiolio standard deviation is o3,
Which is smaller than o,. For a 3-security case, the portfolio standard deviation is
93, which is less than 0. As securitics are added, the risk is reduced. But, the risk
Feduction gets smaller and smaller as securities are added to the portfolio. Thus,
the marginal benefit from diversification decrcases as portfolio size increases.

‘Markowilz (1959) has shown essentially the same result. Maa {[970) shows this resulr.

wﬁ:;:n Horim and Levy (1980) shuw that the standerd deviation is a better measure of risk than the
0,
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Figure 1: Portfolio Size and Portfolio Standard Deviation
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Figure 2: Portfolio Size and Portfolio Standard Deviation

The term (02 — o2r)/n in equation (3) is the diversifiable risk in a portfolio,
As n gets large, the diversifiable risk gets quite small and the portfolio standard
deviation approaches the square root of the covariance. A portfolio with an infinite
number of seeurilics has a standard deviation of g, (r)*.

If investors can borrow or lend at the risk-{ree interest rate, the possible port-
folios are shown in Figure 2. Along the line m,, the investor holds a combination
of the risk-frec asset and a portiolio of onc risky security. Along the line m12, the
investor holds a combination of the risk-free security and a portfolio of two risky
sccurilies, And so on,

s |
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Risk averse investors in a mean-variance world want to maximize their excess
return per unit of risk, namely

Hy — R L fy — I
ol Wi, — Maximize —2 e _
o uyfr + 13-

Geomelrically, the optimal portfolio will lie on the Jine m, a combination of the
risk-free assel and a portlolio of the entire universe of N risky assets. This portfolio
is a fully diversified or minimum standard deviation portfolio.

To sce the relative benefit of adding securitics to the portfolio, consider the
percent reduction in portfolio standard deviation between a single security with
standard deviation of o, and an n-sccurity portlolio

Maximize

)

l‘_.
=1-B oL ®)
O’,, aﬂ /]

| O, —0
% reduction = ———=

Equation (5) indicates several interesting things. First, the percentage reduction
in portfolio standard deviation is independent of the level of standard deviation.
Second, the percentage reduction increases at  decreasing rate as portfolio size n
increases.5 As n approaches infinity, the percentage reduction approaches | —(r)S.
Third, as the correlation coefficient decrenses, the percenlage reduction increases
for a given increment in portfolio size,”

The relative magnitude of the diversification benefit is clearer from examining
the percentage reduction relative to the maximum attainable if an infinite number
of assets is included in the portfolio.

Percent of altainable % reduction for finite
risk reduction " % reduction for infinite

1/r+'7“|"-
1=

This measurc adjusts for the fact that the maximum attainable diversification
d’cpcnds upon the correlation coefficient r. If r equals 1, the percent of attainable
sk reduction equals 1 for all values ol .

Solve equation (6) for 1, the number of sccurilics necessary to attain a level of
Aainable risk reduction x.8

X = |-

(6)

L—r

[I=x(l=yrN=r

n=

0))

:‘f (% reduction)/dn > 0 and d? (% reduction)/dn® < 0,
(% reductton)/dr < 0.

3
i Mno (1970) examines the percentage mduction in the unil price of risk and derives a somewhat
trent fonnula,

h,!.h—
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The case of a coreclation coefficient of zero provides a simplc analytical result,
Forr =0

1
TS

)

n

From cquations (7) and (8), higher levels of risk reduclion require increasingly
higher numbers of securities. Table | shows the number of securitics required for
a given level of risk reduction for several levels of the correlation cocflicient.

Several things arc apparent from Table L. Firsl, a lacge proportion of (he
attainable risk reduction occurs by the time portfolio size is 10 securities. Second,
as the correlation coefficient increases, the portfolio size for altaining a given
level of risk reduction gets smaller, However, for correlation coefficients of .50 or
higher, changes in the correlation cocfficicnt have relatively little impact upon the
percent of attainable risk reduction. For r > .50, 88% of attainable risk reduction
oceurs with 10 sceuritics.

In several situations, portfolio indexes are constructed to measure performance.
These include country indexes and industry indexes, Tuble 1 provides evidence
that the index standard deviation will be fairly close (o the true standard deviation
even though only 8 or 10 securitics compose the index, as long as r > .50,

DIFFERENT VARIANCES AND COVARIANCES

The preceding results assumed that the variances and covariances for all securities
are (he same. In the case where the variances and covariances dilfer, the identi-
cal results apply lor the average variance and average covariance, Specifically,
equations (6)-(8) and Table | are the same with the correlation cocefficient » being
replaced by the ratio (average covarinnce)/(average variance).

The case of the average variance and average covariance provides an explana-
tion of the simulation results of Bvans and Archer (1968) and others. By simu-
lating diversification benefits using 60 or atore portfolios of varying sizes, (hese
researchers arc effectively showing diversification for the average variance and
average covariance, Evans and Archer (1968) have concluded that a portfolio size
of 8 ar 10 sceurilics is desirable since most diversification bencfits are atrendy
achieved, This is exactly what Table { shows for values of the (average covari-
ancc)/(average variance) of .50 or higher. I€ this ratio is close (o zero, substantially
larger portfolios are required to achicve diversification results,

Uepsil BOUNDS ON THE NUMBER OF SECURITIES

Il the variances differ, Table | understates the number of securitics required to
be confident that an individual portfolio will achieve diversification benefits. Ap-
pendix A shows that nio more than (wice as many securitics are required to achicve
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Table 1: Portfolio Size (1) to Achieve a Given Level of Risk Reduction

% Risk Correlation Coefficient (r)

Reduction (x) 0.00 025 050 060 070 080 050
0.100 1.2 1.1 1.1 1.1 1.1 11 1.1
0.200 1.6 1.3 1.3 1.3 1.3 1.3 1.3
0.300 2.0 1.6 [.5 1.5 [.5 1.5 1.4
0.400 2.8 1.9 1.8 1.8 1.7 1.7 1.7
(.500 4.0 2.4 2.2 2.1 2.1 2.1 2.0
0.600 6.3 3l 2.8 2.7 2.6 2.6 2.5
0.700 1.1 43 38 37 3.6 35 34
0.800 25.0 6.8 3.8 5.6 5.4 52 3.1
0.820 309 7.6 6.5 6.2 6.0 5.8 57
0.840 39.1 8.7 73 7.0 6.8 6.6 6.4
0.860 51.0  10.0 84 8.0 7.7 7.5 7.3
0.880 694 1.8 9.8 9.4 2.0 8.8 8.5
0.900 1000 143 118 {13 109 105 102
0.920 1562 18.0 148 142 136 132 128
0.940 2778 243 199 189 182 176 7.1
0.960 6250 368 299 285 273 264 256
0.980 25000 743 601 571 548 529 513
0.990 10000.0 1493 1205 1144 1097 1058 1027
0.992 15624,9 1868 1506 1430 I37.0 1323 1283
0.994 277774 2493 2009 1907 1828 1765 171.1
0.996 62497.9 3742 3015 2862 2743 2647 256.7
0.998 2499767 7492 6032 5725 5488 5295 534

b=r

[I—:(I—ﬁ)]’—r ®)

Portfolio Size =

diversification benefits (1) if the distribution of standard deviations is symmetric
about its mean or (2) if the distribution of standard deviations is skewed so that the
largest standard deviation is no bigger than twice the mean. In the general case
Where the distribution of standard deviations is nonsymmetric about the mean of
the standard deviations. let the biggest standard deviation equal the average stan-
d_ﬂfd deviation times 1 + k. From Appendix A, the value of the optimal portfolio
Size cannot exceed the numbers in Table 1 times 1 +-k. Thus, if the biggest standard

Eviation equals four times the nverage standard deviation (i.c., k cquals four) and
" 2 .30, no more than 49 (i.e., 5 x 9.8) securitics arc required to achicve 88% of
the benefits of risk reduction.
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11, AVERAGE SECURITIES AND TRANSACTION COSTS: THEORY

Without transaction costs, incrensed portfolio size has been shown to result in
lower portfolio standard deviation. In a world with no transactions costs, the
optimal portfolio is fully diversified, i.c., 1/N invested in each of the available N.
risky assets, With transactions costs, the diversification benefits must be balanced
against the incremental cost of adding securities,

PORTFOLIO MBAN AND STANDARD DEVIATION WITL TRANSACTIONS COSTS

Suppose an investor with an initial wealth of W invests in a porticlio of # risky
assets. ‘The total transactions costs are D (). Thesc costs include brokerage fces,
information costs, and the value of an investor's time. For simplicity, we assume
that ransaclions costs arc paid al the end of the investment period.

The cash llows on the investment at time zoro and time one are
Time Zero:

n
~W==) FpZ (10)
i=1
Time One: .
> FnZi— D(n) an
i=1
where

Fio = price ol security / al lime zero
F;) = price plus dividends of security i at time onc
Z; = numbes of units of sceurily i purchased

One plus the rate of return on the portfolio, R, is

T EaZi— D) N[ ][ FeZi] P
ialals W “; Tl W ] w2

Rewriting,
4+ Ry=) (14+R)q~C) =1+ Rig—Cl)  (13)
i=| i=

where

L + R; = F; /Fig = one plus rate of return on asset i

qi = FipZ;/ W = proportion invested in asset {

C(m) = D(n)/ W = transactlicns costs relalive to wealth
W = wealth
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Thus, the rale of relurn on the portfolio is

Rp = Rigi — C(n) (14)
f=]

D(n) represents 1otal transactions costs for a portfolio composed of # sceuritics,
The nature of cost functions (linear, concave, convex) is discussed below. Dividing
total transactions costs by wealth gives C(n), transactions costs per unit of wealth,
In the case of n assels with mean return of p,, standard deviation of o4, and
correlation coelficient of 7, the expecled return g, and standard deviation o on
the portfolio arc

1tp = E[R)] = pay — C(n) = po = 2‘@ (15}

ap = gy fr + = (16)

The expected return on the portfolio is reduced by the transaction costs C(n).
However, the portfolio standard devintion witl not be affccted by the transactions
costs,

There are many possible shapes of the lolal cost function shown in Figure 3.
One possibility is a flat cost [unction with an initial overhead cost and no additional
costs. In this casc the number of different securities does not affect the transactions
Costs. A second possibility is a linear cost function, where the incremental cost
per security is a constant. Third, with a convex cost function, the incremental cost
per security increases because of diseconomies of more securitics, Fourth, for a
concave cost function, the incremental cost per security is decreasing; there are
incremental ceconomies of portfofio size.

Figure 4 shows a cost function which is initially concave and then becomes con-
vex. That is, there are initially incremental econornies of seale. Then, incremental
discconomies of scale appear.

Tag EFFICIENT FRONTIER OF RISKY ASSHTS

Figure 5 shows a st of possible portfolio choices of risky assels available 1o
"vestors with and without transaction costs. Notice that transaction costs reduce
the mean returns to investors. As the number of risky securities in the portfolio
Increases, the portfolio standard deviation goes down, However, the mean return
decreases because of higher total transaction costs.

In Figure S, the optimal portfolio of risky assels with transaction costs depends
Upon the investor's degree of risk aversion. Investors with a low level of risk
Bversion might invest in a portfolio of a single risky nsset. Highly risk averse
"vestors might hold the minimum standard deviation portfolio N.

The slope of the efficient frontier depends upon the type of cost function, The

°“0Wing Proposition is proved below.,
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Figure 4: Cost Function with Concave and Convex Seclions

PROPOSITION. The efficient frontier has the typical concave shapo as shown
in Figures 5, 6, or 7 il the totat cost funclion is linear or convex.

Praof. The slope of the clficient frontier is d e, /da,. We prove that dp, /day

> Dand d*;e,,/d(cr,,)’- < Qifthe total cost function is linear or convex, dC (1) /dn =
Oand d2C(n)fdn® > 0.
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From equation (16), solve for n, the number of average assets.

2
oyl =r)
AL L (IN
ol —akr
Clearly, dn/do, < 0 and d*n/d(a,)? > 0.
From equation (185),
dpy = _dC(n) dn (18)

da, dn do,
Since dC(n)/dn = 0 for a linear or convex tolal cost function and dn/do, < 0
from equation (17), then dy/doy > 0.

du, __dzC'(n) dn ] _dc@) [ d*n ]
d(op)? T dn? |do, dn  [d(op)?

(19

Ilthe total cost function is lincar or convex, dC(n)/dn > 0 and d®C{n)/dn? = 0.
Front equation (17), dnfdo, < 0and d*1/d(a,)* > 0. Therefore, d*p1, /d (o))
<),

Linenr or convex total cost functions are only sufficient conditions for the
¢fficient frontier to be concave. The efficient frontier may slill be concave if the
10tal cost function is concave, i.c., d*C(n)/dn? < 0.

Wealth Economies

_Wcallh cconomies accur if transactions costs per dollar of wealth decrease as
Investor wealth increases. These economics oceur if wealthier investors receive

-
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Figure 6: Wealth Economics

more favorable brokerage costs per doblar invested, Also, larger investors may be
able to spread information costs over a larger dollar investment,

Pigure 6 shows wealth economies. Wealth economies cause an upward shift
in the efficient frontier since the ratio D(n)/ W is smaller. Larger portfolio size
results, other things constant.

Large trades may have an unfavorable impact upon price. Large investors may
pay premium prices when buying and may receive ow prices when selling, To help
reduce the impact of individual trades upon price, the so-called fourth market has
developed. In this market, inslitutions trade anonymously by computer, Buyers
and sellers enter their bids or offers into the computer sysiem and interested partics
can take the other side of the transaction for all or part of a stated volume of shares.

ADDING THB RISK-FREE ASSET

Besides being able to buy » risky assets wilh transaclions costs, investors are
assumed in this section to be able to lend and horrow at the risk-free rate, Ry,
without transaclions costs. The time 0 cash flows are

a+l

-W==) FoZi (20)
=1
The lime | cash flows are
nl
Z: FuZ; — DX{n) (21}
fa=i
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One plus the return on the portfolio is

"z~ D) o« [Fn] [szf] )

— i=l
Satis W CeiFo)l W W

If 1+ Ry = Fy [/ Fyo and wy; = FpZ;/ W, then

z D
14 Rp = Riwy 4wy Ry — L!)'
oo 14
Let
o = proportion of wealth invesled in risky assets.
(I —a) = proportion of wealth invested in the risk-free asset.
‘Then A
Dm
Ry —-a.;:R;vi + (1 —e)Ry — =
where

iw =1
i=l

The expected return on the portlolio is

E(Rp) =Hp = alk [Z R"U,‘] + (l s a)R}‘ . I)‘(‘:')

i=]
Since

i)
EY Ry =y
=l

the portfolio mean is

Din
ILp =i, -+ “ "“)Rf L —-VSV—)-
The portfolio standard deviation is
l-r

[ {¢ % = X0, r + .
f

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

The shape of the efficienl [frontier depends upon D(m)/ W, in particular
A(D(n)/ W)/da. The following discussion considers cases where cost is pro-

vortional to e, independent of &, and cases of partial dependence.
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o, CoST FUNCTIONS, AND THE SHAPE OF THE EFFICTENT FRONTIER

‘The shape of the efficient frontier depends upon the cost function and v, We assume
that the risk-frec assel can be acquired withoul transactions costs, If all wealth is
invested in risky assets (v = 1), lotal transactions costs are Dy (n). If less than
100% of the portfolio is invested in risky assets, transactions cosls are typically
reduced. There are several possibilities, In one case, the transactions costs are
simply reduced proportionally to & Dy(n). In another case, transactions costs are
not affected at alt. They are independent of a. In gencral, the transactions may
he some nonproportional function of the proportion invested in the risky assets.
Bach of these three cases is examined in the discussion (o [ollow,

Several interesting results are shown, First, if there arc wealth economies (i.c.,
il D(n)/ W decreases as W increases), wealthier investors hold larger portfolios.
Consequently, wealth economies by themselves cause portfolio separation to break
down. Sccond, with proportional costs, investors with a given wealth hold the same
portfolio; portfolio separation holds for particular wealth tevels. Third, for costs
independent of &, portfolio separation does not hold for a particular wealth level.
Tor partial dependence of costs upon e, portfolio scparation docs not hold.

Cost is Proportional to &

Denote cost with a portfolio fully invested in n risky assets (i.e., @ = 1) as Dy(n).
& proportion of weallh is invesied in risky assets at a cosl of a Dy (n), and | — o
in risk-Iree assets with no cost. Total transactions costs are proportional o &, i.e.,
e Dy(n). Then,

elD(n
apy + (1 — )Ry - -——‘;,Ll

= a[pa — D)/ W]+ (1 —a)Ry (30)

Ep

Algebraically, an investor would like to maximize the slope, m, of the rays through
the risk-free rate and the various passible porifolios. This slope represents the
market price of risk.

1| pta — Ry — C(n)

ol fre

This case is shown in Figure 7 lor investors with two dilfcrent wealth levels
W4 and Wg, W, < Wy. For W,, the efficicnl fronticr of risky assets is jo, —
Dy.a(m)} Wy, far W, itis ji, Dy_g(n)/ Wg. The figure assumes wealth economies
so that Dy 4(n)/ W4 > Dy.g(n)/ Wy and a resulting higher cfficient frontier of
risky assets for Wy.

For euach wealth levet, investors pick portfolios on the highest ray going through
the risk-free asset and tangent to the cfficient fronticr for their wealth level. [Ethe
efficient frontier of risky assets is concave, there is a unique portfolio of asscts

N

n =
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Figure 7: The Optimal Portlolio with Transactions Costs Proportional to Alpha

for that wealth level. But wealth economies cause wealthier investors to hold
a larger pontfolio than poorer investors, Thus, wealth economies per sc cause
portfolio scparation to break down. In this world of weallh-dependent portfolios,
equilibrium is deseribed by the Generalized CAPM of Levy (1978),

With transaction costs proportional to &, the optimal portfolio for a particular
level of wealth will generally inciude only some of the N risky securities available
10 investors, There is an optimal portfolio size which balances the incremental
gains from diversification against the incremental costs of adding sccuritics. At
the oplimum, the marginal benefit from diversification equals the marginal cost of
adding a security.

Tor a particular wealth level, it can be shown that an increase in the excess
Rlurn, 11, ~ Ry or a reduction in the correlation coefficient, #, increases portfolio
$iz¢, ceteris paribus. Portfolio size decreases if the borrowing rate increases or
the mean return decreases. In addition, changes over time in portfolio standard
d_wimion should not alter optimal portfolio size, If the overall market becomes
tiskier, portfolio size does not change.

Figure 7 clearly shows that the optimal portfolio size depends upon investor
Wealth if there arc wealth economies (i.e., if Dy an)/ Wa > Dy g(n)} Wy for
I:.A < Wp). Wealthicr investors hold larger portfolios if there are wealth ccono-

Ics,

. For transuctions costs proportional to a, portfolio scparation holds for a par-
SUlar wealth level; all investors with the same weaitk hold the same portfolio of
assets, independent of investor risk preferences. But with wealth economies,
Wealthier investors lypically hold larger portfolios than smaller investors. Thus,

§|°bal Separation daes nol occur with proportional Iransactions costs if cconomies
Wealth occur,

ti
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Figurc 8: Cost Independent of Alpha

Cost Is Independent of o

Without transactions costs, Figure 2 showed that investors hold as many assets
as passible. For a given weallh level, Figure 8 shows the case when transactions
costs are a function of » but independent of . The highest efficient rays without
Iransactions costs are my, my, . ... Since, transactions costs are fixed as the pro-
portion, &, invested in risky assets varies, transactions costs cause a parallel shift
of D(n)/ W in the cfficient rays, with a larger shift as 2 increases.

If borrowing is allowed, the efficient frontier is a continuous, convex sct of
linc segments as shown in Figure 9. This accurs becausc the vertical intercept of
successive cfficient rays is lower (higher cost) and the stape higher (because g,
is smaller) as n increascs. If borrowing is not allowed, the efficient frontier is a
concave sct of discontinuous line segments. In cither case, the clficicnt frontier
is not a straight line. Therefore, the choice of optimal portfolio will depend upon
investor preferences and separation does not hold even fora particuiar wealth level.
Greater inveslor risk aversion implies more securitics in the portfolio,

Thus, portfolio separation does not hold with transactions costs independent of
a. Investor portfolios will depend upon individual risk preferences.

Cost is a Nonproportional Function of &

Brokerage costs may quite plausibly be a proportional function of &. Information
costs are more likely 1o be independent of . Since investors typically incur
both brokerage and information costs, lotal costs are probably a nonpropaortional
function of a.

Instead of parallel shilts in cHicient rays (as in the case of costs independent
of &), nonproportional costs cause nanparallel shifts, creating a nonlinear efficient
fronticr and portfolios which may depend upon investor preferences for a particular
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Figure 9: Eflicient Fronticr with Costs Independent of alpha

wealth level. Thus, portfolio separation may not hold for individual wealth lev-
els. The concavity or convexity of the efficicnt Irontier (and portfolio separation)
depend upon the parameters of the cost function,

IV. AVERAGE SECURITIES AND TRANSACTION COSTS:
BROKERAGE COSTS

Transactions costs have (wo primary components: information costs and brokerage
costs, Objective evidence on information costs is nol available. Considerable
evidence about brokerage costs is available and is used below o examine he
impact of brokernge costs upon portfolio size.

DiscounT BROKERAGE COST SCHEDULES

Investors have a varicty of brokers from which to choose, including discount
brokers and full service brokers. Pure discount brokers charge for execution only
and charge the lowest fees. Full service brokers charge higher fces reflecting
txecution costs as well as a charge for research and advice. We contacted a
Mumber of full service brokers. All were unwilling or unable to provide brokerage
Commission schedufes. Theoretically, these brokers do not have a set schedule of
fees, since the commissions are supposed 1o be negotiable.

Discount brakers provided us with brokerage commission schedules. ‘Typical
Commissions are shown in Table 2. There were two types of brokerage schedutes—
latge volume brokers and small volume brokers. For large volume brokers, bro-
kerage costs are two cents per share. As shown below this type of commission
fesults in a paralie] downward shift in the efficient frontier. Large investors will
hold a5 many securities as possible and portfolio separation applies. For smali
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Table 2: Discount Brokers. Brokerage Fees as a Proportion of Amount Invested

B SIZE OF TRANSACTION

Brokers which charge aflat | $100,000  $500,000 SIM M
fee plus % of principal:

Nations Bank L0055 0051 00505 00501
New England Securities 0095 0076 00755 00751
Lehigh Securitics 00312 00129 .00115 00103
Quick and Reilly 00205 00109 000885 000721
Charles Schwab 00265 A0L41 00116 000951
Bull and Bear 00212 00113 000924 000761
Fidelity 00265 00141 00116 000951
First Union 00240 00128 00104 000848
Brokers which charge on a

per-share basis:

Jack White (2 cents/share) 044 .044 044 044
Lombard (2 cents/share) 044 044 044 044
AccuTrade (3 cents/share) 067 067 067 067

The final three brokers in the table charge on a per share basis. Percentage principal
costs are calculated assuming an average share price of $45.

volume brokers, brokerage costs are a function of dollars invesicd. As the dollar
amount invested increases, brokerage cosis as a percent tend to decrease. This type
of cosl function typically results in a concave clficient frontier. For a particular
wealth level, portfolio separation holds. But investars with different wealth levels
hold different portfolios.

LARGE VOLUME DISCOUNT BROKERS

The large volume discount brokers require a minimum number of shares per trans-
action, typically 1,500 shares, For these large volume brokers, the costs are X
cents per share, typically 2 or 3 cents per share. With (his type of cost function,
the price per share significanily impacls total brokerage costs. However, i we
make the strong assumption of constant price per share as the number of securities
in the portfolio increases, the total cost is simply X times the number of shares,
which equals X (wealth)/(price per share). The number of differeal sccurities in
the portfolio does not affect total cost. The total cost function, D(n), is flat. As
wealth increases, the number of shares increases and total cos! increases.
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Figure 10: Impact of Transactions costs for Large Volume Discount Brokers

Brokerage cost per dollar of wealth, C(#), is

X181 _ X(w/P1 _X (32)

Co = W P

where X = brokerage cost per share; § = the number of shares; P = price per
share; W = an investor’s total wealth,

For large volume discount brokers, brokerage cost per dollar of weaith, C'(n), is
a function of the cost per share, X, and the price per share, P. Brokerage cost per
dollar of wealth is independent of the level of wealth or the number of securities in
the portfolio. If the price per share is $45 and (he commission is 2 cents per share,
the cost per dollar of wealth is approximately $.00044, about 4.4 basis points.

For large volume discount brokers, brokerage commissions shift the efficient
[ronticr downward by the commission percent assuming a constant price per share.?
This type of parallel shift in the efficient frontier is shown in Figurc 10 and is
Covered in more delail in our discussion of mutual funds, which most likely deal
With these large votume discount brokers. Investors with this typc of cost function
e f{ully diversified. They hold the entire universe of risky securities,

SMALL VOLUME DISCOUNT BROKERS

:hc brokerage commissions charged by small volume discount brokers vary. Some
fokers, such as Nations Bank, have a simple linear brokerage cost function. The

9
dowm the share price decreases, the percent commission increases and the cfficient frontier shifts
Wward,

-
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brokerage cost for each stock purchased is $50 plus .5% of the dollar value of the
transaction, Thus, if three ditferent stocks were purchased, the total cost would be
$150 plus .5% of the total dollar value of the transactions.

Other brokers have a more compticated schedule, The total commission is a fee
for cach stock purchased, a( ), plus a percent, (), of the total dollar value of the
transaction,'® The parameter j represcnts the dollar size of the transaction. The
funclivn is piccewise linear with the parameters a(f) and b(j) lixed lor particular
intervals. As the size of the transaction increases the fixed fee increases, but the
percent fee declines. Examples of this type of commission schedule are shown in
Table 3 for Quick & Reilly, New England Securities, and Charles Schwab, We
designate the various fixed dollar fees as a{j) and the percent cost as ().

An cxample of the cost function for Quick & Reilly is shown in Table 4. 1f the
dollars invested in a panicular security are hetween 0 and 2,500 dollars, a(j) is
$22 and b(j) is 0.014. The cost is $22 + (0.014)($). [ the dollars invested in a
particular sceurity are between 2,501 and 6,000 dollars, a(f) is $38 and b(J) is
0.0045. The cost is $38 + (0.0045)($), etc. The cost for invesling in one stock is
D(1), where

DYy = a(f) + b(j)($) (33)

The percentage cost function for Quick & Reilly is shown in Table 5. The
percentage cost function is the total cost divided by the dollars invested. The
percenlage cost for investing in one stock is C(1), where

U)

c()= + b(j} (34)

Total Cost for a Portfolio of # Securities

Suppose an investor invests his wealth W in equal proportions in cach of a securi-
lies. j dollars are invested in ench security. (i.e., j = W/n). The cost of investing
in a particular security has two componeats, The charge per stock is a(j). The
level of a(j) depends upon the doliar amount invested in each stock. As the dollar
size of lhe transaction increases, a{j) increases. The other component, b(j), is
a percent of the dollars invested in that security. b(j} decreascs in steps as the
amount invested in each stock increases. The cost of investing in each of the n
securilies is a(f) + b(J}(W/n).

The total cost D(n) of investing in n sccuritics is the sum of all the individual »
security costs. Since equal dollar amounts are invested in cach security, the total
cost for i securities is n times the cost for an individual security.

Din} = (ma(j) + b{(HW (35)

Since investors are assumed to have total wealth of W, invested equally in n sccuritles, the
investment in each sccurity ts W/n. The brokerage cost interval depends upon W/n,
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Table 3: Brokcrage Schedules

QUICK & REILLY
low-end high-end flatfee percent fee
a(j) b(j)

0 2,500 22 01400

2,501 6,000 38 00450
6,001 22,000 59 .00250
22,001 50,000 717 00170
50,00t 500,000 120 O0RS
300,001 205 00068

NEW ENGLAND SECURITIES

low-end high-end flatfee  percent fec
a(j) b(w/n)
0 2,500 50 01400

2,501 10,000 50 01300
10,001 25,000 50 01200
25,001 50,000 50 .01100
50,001 100,000 50 .00900

100,001 50 00750
CHARLES SCHWAB
low-end high-end flat fee percent fee
a(j) b(j)

0 2,500 30 .01700

2,501 6,250 56 00660
6,251 20,000 76 00340
20,001 50,000 100 00220
50,001 500,000 155 00110
500,001 255 (40090

The cost per dollar of wealth is C(n).
_ D) (ma())
T W T w

The impact of portfolio size on transactions costs depends upon the parameters
UJ), b(j), and total wealth W. Figures 11, 12, and 13 show total and percent
asactions costs for three discount broker as the number of securities in the

C(n) +b(j) (36)
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Table 4: Total Cost Functions for Quick & Reilly

QUICK & REILLY

low-end high-end TOTAL COST FUNCTION
a(f) + b(j)($)
0 2,500 22 + 01400(3)
2,501 6,000 38 + 00450(S)
6001 22,000 59 + .00250(3)
22,001 50,000 77 + 00170()
50,001 500,000 120 + .00085($)
500,001 205 + .00068($)

Table 5: Percent Cost Functions for Quick & Reilly

QUICK & REILLY

low-end  high-cnd PERCENT COST FUNCTION
a(j}/(8) + b(j)
0 2500 22/($) + .01400
2,501 6,000 38/($) + .00450
6,001 22,000 59/($) + .00250
22,001 50,000 77X$) +.00170
50,001 500,000 120/($) + .00085
500,001 205/($) + .00068

partfolio increases for several wealth levels, Typically, the total transactions costs
increase and percentage costs decrease as portfolio size increases,

Figures 14, 15, and 16 show total and percent transactions costs as the number
of securities and total wealth change. As the number of securities increases, total
costs and percent costs increase, As wealth increases, lolal costs increase, but
pereent costs are reduced.

Figures 17, 18, and 19 show efficient [rontiers for several wealth levels for three
small volume discount brokers. The ctficient frontiers arc usually concave. The
exceptions occur for lower wealth levels around breakpoints in the cost function.
At thesc breakpoints, the intercepl and the siope of the cost function change.

APPROXIMATING THE COST FUNCTIONS OF SMALL VOLUME DISCOUNT BROKERS

The earlier evidence showed that small volume discount brokerage cost functions
are of two types, (1) A simple linear function with a constant intercept and slope.
(2) A series of linear segments (where intercept and slope can dilfer for each

i
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Figure 17

Segment). With a simple lincar function, optimal portlolio size can be derived as
shown below. With a series of linear segments, the question of oplimat portfolio
tequires numericat solutions, However, this casc can be closcly approximated by
2 simple linear function with fixed cost a and percent cost b.

Suppose that fixed cost, a(j) and percent cost, b(j), are independent of the
Atnount invested, W /a. The fixed cost is simply a and the percent cost is simply b,
Then the lotal portfolio transaction cost for investing W/n in cach of » securilies
18 D(n), where

D)y =na+ bW 3N

The portfolio transaction cost as a percent of the amounl invested is C(ir), where

na
C = — 8
(n) W +b (38)
As proved carlier, when the cost function is a linear function of the number

of securities in (he portfolio, the cfficient frontier of risky assets is concave for a
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given wealth level and for each wealth level portfolio separation holds. Thus, if
the fixed cost and percent cost parameters are independent of wealth, the efficient
frontier of risky assets is concave and porifolio scparation holds for cach wealth
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LINEAR COST FUNCTIONS AND OPTIMAL PORTFOLIO SiZ13

Assume a lincar cost function, C(n) = na/W 4 b, with transactions costs pro-
portional to o, The optimal-sized portfolio of risky assets with transactions costs

proportional lo @ maximizes m in the following equation,

pa = Ry - [ +]

ag,fr + '—;_;-"

m =
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Take the derivative with respect to n, sct equal to zero, and solve by the quadratic
formula for the optimal portfolio size n. See Appendix B,

_3+\/§+[.“_—’,] ["-‘-,T—,%i] -3+, /9+[ ]k W)
o = A
T—r 1-r

(40)

n=

Where K = (j1, — Ry — b)/a. K will be uscd later on.
From this equation, optimal portfolio size is inversely related to (1) percent cost,
b, (dn/db < 0), (2) fixed cost, a, (dnfda < 0), and (3) the correlation coefficient,
" {dn/dr < 0). Optimal portfolio size is positively related to (1) wealth, W and
) mean return minus the risk-free rate, g — Ry, (dnfdlje, — Ry) > 0).

“
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UrpER BOUNDS ON PORTFOLIO SIZE WITH LINEAR COST FUNCTION

Upper bounds on the value of optimal portfolio size can be found for several cases.
Since portlolio size # and the correlation coelficient r are inversely related, a low
value of the correlation coefficient provides an upper hound upon portiolio size
compared to larger values of the correlation coefficient. See the Appendix for
prool thut dn fdr < 0,

The following lables show optinal portfolio size for a lincar cost function for
correlation cocfficients of 0.0, 0.50, and 0.75. The two varying parsmelers in each
table are wealth, W, and K, defined as (st, — Ry — b)/a. In each able wealth
varies from $10,000 (o $500,000. The parameter K varies from .0001 10 .01, If
fty = Ry — b can plausibly be assumed 10 he .10 or less and a can be assumed to
be $50 or more, then the plausible values of K are 0020 or less.

Carrelntion Coeffleient = 0.0

In the special case where the corretation coefficient between securitics is zero (i.e.,
r = 0), the optimal portfolio size n is

[tta = Ry = B] W
3a

n =

KW
= @0

Table 6 shows optimal porifolio size for a correlation coefficient of 0.0, If the
correlation coeflicient exceeds zero, the partfolio size is smaller than this upper
bound. In Table 6, some of the portfolio sizes are sizable for larger values of K
and W.

Correlation Coefficient = 0,50

When the corrclation coefficient is 0.50, the optimal portfolio size is shown in the
following equation.

—3+\/9+8[“‘—;,’*w!;‘-']
4

-3+ \/3-4- 8KW 42) ..

n =

The optimal portfolio size for a correlation coefficient of 0.50 is shown in
Table 7. When the correlation coefficient is greater than 0,50, the optimal portfolio
siz¢ is lower than the number in this upper bound since portfotio size and corrciation




The Gains From Diversification Reconsidered i3

Table 6: Optimal Portfolio Sizc
{Lincar Cost Function and Correlation Cocfficient = 0,0)

WEALTH (Thousands of Dollars)

K i0 20 50 100 200 500
0001 3 N 1.7 33 6.7 16.7
0002 ¥ 1.3 33 6.7 13.3 333
L0006 2.0 40 10.0 20.0 40.0 100.0
0008 2.7 5.3 13.3 20.7 533 133.3
001 33 6.7 16.7 333 66.7 166.6
0015 5.0 10.0 25.0 50.0 100.0 250.0
002 6.7 13.3 333 66.7 133.3 333.3
005 16.7 33.3 83.3 166.7 3333 833.0
01 333 66.7 166.7 333.3 666.7 1,667.

Table 7: Optimal Portfolio Size
{Linear Cost Function and Correlation Coefficient = 0.50)

——

WEALTH (Thousands of Dollars)

K 10 20 50 100 200 500
0001 3 5 1.0 1.6 2.5 4.3
0002 5 9 1.6 2.5 3.8 6.4
0006 1.1 1.8 32 4.8 7.0 11.5
0008 1.4 22 1.8 5.6 8.2 13.4
001 1.6 2.5 4.3 6.4 9.3 15.1
0015 2.1 3.2 5.4 7.9 1.5 18.6
002 2.5 3.8 6.4 9.3 13.4 21.6
005 4.3 6.4 10.5 15.1 21.6 34.6
;9_1__ 6.4 9.3 15.1 21.6 30.9 49.3

Coeflicicnt are inversely related. Compare the portfolio sizes for correlations of
30 (in Table 7) with the correlations of 0.0 (in Table 6). Optimal portfolio size is
Much smaller when the correlation is .50, The difference is much more substantial
When X and W are large, i.e., when brokerage costs are high and wealth is larger.
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Table 8: Optimal Portfalio Size
(Linear Cost Function and Correlation Coefficient = 0.75)

WEALTH (Thousands of Dollars)

K 10 20 S0 100 200 500
0001 2 J 5 8 1.2 2.0
L0002 3 5 3 1.2 (.8 2.9
0006 6 9 1.5 2.2 32 3.1
0008 7 1.1 1.8 2.6 3.7 5.9
.001 8 1.2 2,0 29 4.1 6.7
0015 1.0 1.5 2.5 3.6 5.1 8.2
002 1.2 1.6 29 4,1 59 9.5
005 2.0 2.9 47 6.7 9.5 15.1
01 29 4.3 6.7 9.5 13.5 21.5

Correlation Coefficient = ,75

Optimal portfolio size is

£} J9 +[24] [L;T’i{,;”]

16
-3+ V9+24KW

16

Table 8 shows oplimal portfolio size for a carrelation coefficient of 0.75. Higher
correlation coefficients result in lower optimal portfolio sizes.

The tables show that the optimal portfolio sizc is very sensitive to the correlation
coclficient. If the cometation coefficient is zero, the portfolio sizes are large for
higher brokerage costs and larger wealth. For a correlation coefficient of .50, the
optimal portfolio size shrinks dramatically. ospecially for higher brokerage costs
and larger wealth. For a correlation coefficient of .75, the optimal portfalio size A
shrinks even more. There is considerable evidence that the average correlation
between stocks is 0.50 or larger, implying small optimal portfolio size, cspecially
for smaller jnvestors,!!

n =

43)

V. MUTUAL FUNDS VERSUS DIRECT INVESTMENT

The following analysis shows the diversification advantage of mutuai funds in ;
a world of average assets and transnctions costs, A mutual fund allows small ¥
investors to achieve diversilication benefits at lower costs than direct investment.

1See King (1966), Livingston (1977), Meyers (1973).
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Brokerage fees fur mutual funds are deducted from the net assel value of the
fund. In cffect, brokerage costs ace passed on to mutual lund investors. In addition,
funds charge a management fee, usually a percent of assets, The fund managesent
pays its overhead expenscs from the management fee.!2

We will assume (hat all funds arc fully invested in risky assets and pay k% of
the purchnse price as brokerage fecs. The assumption of brokerage costs being a
percent is consistent with the fee schedule for large volume discount brokers. This
resuits in a flat total cost function and implics a flat efficient frontier k% below the
cfficicnt [ronticr without transactions costs, A flat cfficient lionticr implies that a
mutual fund should invest in the complele universe of securities.

Mutual funds charge a management fee ol X % of assets. This fee is a reduction
from the rewrns for individual investors, Consequently, the management fec
shifts the cfficient frontier for mutal fund investors downward by X%. Tlius,
the efficicnt frontier with ali costs included is the efficient frontier without any
transactions costs minus k% minus X %.

Figure 20 shows the cflicient frontiers for direct investment by investors with
different wealth levels, The wealthiest individuals have the highest efficient fron-
liers and the largest optimal portfolio sizes,

Since the wealthicst investors in Figure 20 have optimal portfolios lying above
the mutual fund efficient frontier, these wealthy investors will invest direetly, In
contrast, investors with relatively low weaith will invest through a mutual fund
since the mulual fund efficient fronticr lies above their optimal portfolio from
direct investment. In effect, the cost per dollar of dircet investment is relatively
high for small investors.

Mutual funds may charge different management [ees. The higher the manage-
ment fee, the lower the mutual fund efficient frontier and the fewer the number
of investors in the mutual fund. Bach mutual fund management firm must choose
A management fee sufficient to cover the management company's cost, including
Afair return, In a market with average sceuritics, investors will choose between
Mulual funds on the basis of management fees. In equilibrium, there should be
9ne unique management fee charged by all smutual funds. A firm charging a lower
fee would drive every other firm out of business. Firms with a higher fee would
have no investors. This unique equilibrium management fec implics a minimum
Size for u fund to cover the management company's expenses. Smaller-sized funds
Will Gind it unprofitable to operate because the management fee will not cover the
fund’s costs.

Figure 20 clearly shows that investor cost functions consteain mutual fund
Management fees. IF the fees exceed investor costs for all investors, no investors
Would choose mutual funds. If the fees are very small, only the very largest
Wvestors would invest directly.

1
!MMY funds churge n sales commission, But this fee is paid to those who sell the fund, It is

Sssentially o marketing cost,
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~ MF - No Costs
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Figure 20; Mutual Funds Versus Direct Investment (assuming o = 1)

VI, SUPERIOR INFORMATION AND THE OPTIMAL
DIVERSIFICATION STRATEGY

Earlier sections examined optimal portfolio size and diversification gains when
an investor chooses from a set of identically distributed assets representing the
average investment opportunity in the market. In this section, a supcrior assct is
introduced. The superior asset has a higher mean return and/or lower standard
deviation and/or lower corrclation with the individual assels. A superior asset can
significantly reduce the gains from diversification and cause concentration of the
portfolio.

ASSUMPTIONS

This paper is concerned with the optimization problem of individual investors in
a mean-variance model. The paper is not a gencral cquilibrium model such as the
CAPM. This paper assumes some given set of information. ‘Then, the individual
investor constructs a portfolio according (o the mean-variance model, whether
or not the market is in general equilibrium. Conditions when investors will nol
diversify are derived. These conditions are consistent with the observed tendency
of aclual investors not to hold diversified portfolios.
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If markets are weak form efficient, investors using a mean-variance model
without access o inside information hold a well-diversified portfolio.!* However,
if the market is not strong form elficient (i.c., inside information is valuable), some
investors wilt have access to valuable information and they will not diversify as
shown below.

There is considerable cvidence about Lhe ability of some investors to beat the
market. Black (1973) presents evidence that stocks recommended by Value Line
Investment Survey outperform the market. Stickel (1985) claims thal Value Line
has private supcrior information not reflected in market priccs. Thus, investors
acting in accordance with Value Line’s recommendations find it optimal to invest
in a subset of assets, as we show below.

The implications of private information for market equilibriom are beyond
the scope of this paper. The following papers derive market cquilibrium where
investors hold different portfolios in a mean-variance world.

L. Lintner (1969) derives equilibrium market prices in a world of asymmetric
information. Each investor inay construct a different portfolio. The market
equilibrium is a weighted average of the expectations of different investors.

2. Levy (1978) proves that the market clears although cach investor holds a
portfolio that is a subset of the tolal number of scourities in the market. In
the Levy model, investors do not hold all sceurities in the market as a result
of transactions costs, indivisibility of investment, and the cost of keeping
track of new information on a large number of securities. All of these costs
are related to the wealth of the investor, Levy assumes that investors do nol
hold the maurket portfolio. The results below provide an explanation why
individual investors hold a small number of securities in their portfolio.

3. Merton (1987) develops a two-period model of capital market equilibrium
in which each investor has information about a subset of the available
securities in the market. Merton's results are similar to Levy's (1978).
Both models generalize the CAPM by allowing the market toclear although
investors do not hold the market portfolio.

4. Green and Hollifield (1993) show that varinnce minimization of the port-
folio does not necessarily lead to a well-diversified portfolio because the
portlolio is dominated by a single factor in the covariance structure of
returns,

THE OpTIMAL PROPORTION INVESTED IN THE SUPERIOR ASSET

Aninformed investor constructs a portfalio which may include both average assets
ad the superior asset, The informed investor has superior information thal is nol
fevealed ta the rest of the markel. The portfolio may include up to 2 4 1 assets:

BSec Biume and Siegel (1992). p. 15.
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n average asscts and the superior asset, The rate of rewurn for the total portfolio is
composed of two parts: the superior asset and the aggregate portfolio of n average
assets. The rate of return on an aggregate equally-weighted portfolio composed
of n average assets is R,. R, (s stands for superior) is the rate of relumn on the
supcrior asset. Denole by R, the rate of retura on the total portfolio. Rp is given
by
Ry = pR, + (1 - p)R, (44

where p is the proportion of wealth invested in the supcrior asset and | — p is the
proportion invested in the aggregate portfolio of average assets, The proportion
invested in each of the average assets is (| — p)/n.

Investors can lend or borrow at a riskless interest rate, denoted by R;. The
objective function of the investor is to maximize the unit price of risk m, where

“‘_l’—_Rll (45) 1 |

9

m=

1y i the expected return on the portfolio. §
oy is the standard deviation of the portfolio.

#s and pe, are the expected relurns of the superior asset and of the average
(aggregate) assct portlolio, respectively.

o and gy, are the standard deviation of the return on (he superior asset and
average assel portfolio, respectively.

rsn is the correlation coefficient between the superior asset and the portfolio
of average assets.

Given this notation,
Hp = pits + (1 = pip, (46)
op = plof + (1~ p)’o} +2p(1 - p)o,ours 7
The introduction of a superior assel alters the gains from diversification. To
achieve the optimal portfolio, an investor should maximize the price of risk (m)
with respect o p. The first order condition is derived by taking the derivative of !
m with respect to p and cquating the derivative (o zero. As shown in Appendix C,
the optimal proportion p in the superior asset is

I —ruo
= 48) &
P ot —rao(l+up) “8) ¢
where ;
- R
(g — R[) ‘%
o= (50) &
# and o are the ratios of risk premiums and standard deviations of the (wo asscts. 3
If short sales are not allowed, the optimal proportion in the superior asset is the i
4

L
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minimum of p (with 1 — p invested in average assets) or 100% in the superior
asset.

Define rs, as the correlation coefficient between the superior asset and each
of the average assets, Since! ry, = r,,/(+*) and 6, = 0,(r*)", where r* =
r + (I = r)/n, the expression for p may be rewritten as's

— Gl
p= f; "ar., ) (51)
LL + ;3:-_._ — Usfr:n,.

The optimal diversification strategy is a function of the relalive risk premium,
i, the standard deviations, o, and o, and the correlation coefficients reg and r*,
The proportion invested in the superior asset will increase as g increases and as
o, decrenses.'® The impact of r,, is more complicated.'?

MLet &, and R, bethe relums on the superior assetand the portfolio of n average nssets, respectively.
R is the rern on individual average nssets. COV denotes covariance. Since | /it is the proportion
invested in each of the average assets,

COV(R,, Re) = COV{R,, Rfn}+ -+ +COV(Ry, R/n)

= Aouraraadin b oo (Oprarsa)in

= 05N
Since
COV(R;. Ry) = oyauri,
Unlsn = Galsg
Fan = {Grza)fon
Since
O = oulr+(1-n)/n)
Fsn = fu(f‘f“(l“"}/")"

'5In the case when the number of average assets is infinite, r* = r and

- aryy
p — L 14
o Sirppilbp} *
A

"Sce Appendix C for proofs.
Tapidre, % Oasp % a; /o, /r*. See Appendix D for proofs.
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CONDITIONS FOR A SUPERIOR ASSET ( p>0

If the number of securities in the optimal portfolio of average assets is infinitc,'8
then the new assel is superior if p > 0. From equation (48),

p>0asy > r,o (52)
-R -
"L.l f > [ﬂ»u Rf ] r,,, (53)
s Ty
Since
0, = 0,4/ (54)
Fau = FsqOy [0y (53)
and
Ha = by (56)
This is equivalent to
e = Ry >[”"“Rf]ﬁ‘l (57)
o, ay, r?
This incquality can be rewritten as'?
Ysa
My > My [-;;*] (58)

This has an interesting geometric interpretation in Figure 21, [, — R /o is
the slope of the ray going through the risk-free rate and the new asset. This ray is
denoted by m,, [jt, — Ry]/e, is the stope of the ray belween the sisk-frec and an
individeal average asset and is denoted by m,. Muitiplying m, by ryg/r* pivots
the line m,. The line pivots downward (upward) if r,, is less (more) than r*. A
new asset should be included in the portfolio as long as mi; lies above nt,ry, /re.

CONDYTIONS FOR SPECIALIZATION (p > 1)

As p increases, the investor will begin to completely specialize (i.e., p > 1) the
purllolio in the superior assel at some point. It this happens, the benefits of the

*81£ the nuinber of securities in the optimal portfotio of average assets is finit and wqual 1o, the new
asset is superior to the average assets if it has o larger than prportional share, i.e., if p > 1/(n + 1),
Algebraically, this occurs if

a(g 4 nry,)
ft » ————n
h+org,

I n is infinlte, r* = r and we have

Wiy > mglyalr
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Figure 21: Conditions for Including a Superior Asset

superior asset have outweighed the advantage of widespread diversification. When
short sales are excluded, the investor will hegin to completely specialize and hold
100% of wealth in asset s if p > 1. As shown in Appendix C,

plasry > % (59

Since ¢ = 0and jt > 0, o/p > 0. Thus, complete specialization (p > 1} will
never occur if the correlation coefficient ryy is negative. Since ry, = rig/(r*)~ and
r' > 0, complete specialization will not accur if the superior asset is negalively
correlated with the average assets. This result holds even if the mean return on
the superior asset is very high or its standard deviation is very low, The reason is
that the diversification bencfits of a negalive correlation coelficient outweigh the
higher mean.

Substituting the definitions of u and o and rearranging, complete specialization
in the superior asset occurs if

‘2 R —
[u e (60)

a; - T
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Or equivalently (for ry, > 0) it20

- =R
ks — Ry > i ) (61)
Iy Oulsn
nmy > 2o (62)
Vsa

This result has an interesting geometric interpretation shown in Figure 21. The
term m; is the excess seturn per unit of risk and is often catled the price of risk
for the superior asscl. m, is the price of risk for the average asset. Dividing m,
by ryq in rotates the line m, upward. Il the superior asset is perfectty correlaled
with the individual average assels (i.c. ry, = 1) specialization occurs if ms > m,.
Complete specialization is less likely as this correlation cocfficient {r,,) declines
because the benefits of diversificalion are greater, Specialization is more likely as
the mean return on the superior assct (u,) increases and as its standard deviation
(o) deereascs.,

THE AMOUNT OF INFORMATION REQUIRED FOR SPECIALIZATION

The preceding resuits showed that specialization in a superior asset is possible.
The amount of incremental information needed to cause specialization is now
addressed. Under quite plausible assumptions, the amount of incremental infor-
mation for specialization is shown Lo be quite small. Specialization is a reaistic
possibility for investors with superior information.

Define the amount of incremental mean information for complelte specialization
in the superior asset as p; — jt,, the mean return of the superior asset minus the
mean of the average assets, By solving equation (61) for u,, subtracting p, from
both sides, and rearranging,

By — Ra > (e — Rj) [ ol l] (63)
Oal'sa

Whenever the mean return on the superior asset equals or exceeds the mean
return on average asscts (ft,) by (fa — Ry )[ps /Oatsa — 1], complete speciatization
in the superior asset occurs. Notice that specialization is more likely (1) if the
standard deviation of thic superior asset is small relative to the standard deviation
of average assets (i.c. o,/a, is small) or (2) if the correlation coefficient (r,,)
between superior and average assets is high.

Table 9 shows the values of o, fo,r,, — | for a wide range of values of r,, and
s [0a. First, if gy fo, cyuals ryg, 05 /0,1, — | equals zero; this is the main diagonal
in the table; specialization occurs if jz, equals or exceeds p,. Second, the case
of 0, /&, < ryy lics above the main diagonal. Specialization occurs if g, — p,

“*Notice that complete specialization is independent of n.
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exceeds the number in the table times j¢, — Ry, Since the number in the table is

negative above the main diagonal, specialization clearly ocowrs if p; > pi,. Third,

if 0:/0q > Tsar Oe/Tarsa — | is positive; this case is below the main diagonal,

Specialization occurs if g, — ft, exceeds the number in the table limes p, — Ry,
Tn the case in which o, = g, equation (63) simplifics o

s — prg = (g — Ry) ["'l- i~ l] (65)

Fsa
If o, < g,, this equation provides an upper bound for the amounl of incremental
information necessary for complete specialization. This bound is the botlom row
of Table 9.

For many securilics, the correlation coefficient with other securities is between
.50 and 1.0, If rq, cquals .50, cquation (63) shows that the incremental infor-
mation for complete specialization is (s, — R;)(20: /0, — 1). If ry, equals 1.0,
Hs — pa cquals oy — Re)(os/o, — 1). Consequently, for many securities the
amount of incremental information lies between (i1, — Rr)(20,/a, — 1) and
(Ha = Rp)/(0,/00 — 1).

In Table 9, consider the segment for which .50 < 7 < 1.0and .50 < oy/e, < 1.
The amount of special information required for complele specialization is quite
small, especially when close to the main diagonal (i.c. o, /0, = r;,). For example,
when rye = .90 and o; /o, = 1, 05/ora — | = .11, The incremental mean
information required for complete specializationis 1 1% of j¢, ~ Ry, Forry, = .80,
and o, /o, = .90, it is 13%, and so an,

Table 9 shows that surprisingly small amounts of incremental mean information
ar¢ required for complete specializalion assuming that ry, is .50 or more. If
a = .50 and o, /0, < 1, the maximum value of o, fo,rs, — 1 is 1, For many
values of rs, and o5 /04, 05 /0415, — | is considerably less than (.0, implying that
{he incremental mean information for complete specialization is considerably less
than i, — Ry,

VII. TRANSACTION COSTS AND A SUPERIOR ASSET

The introduction of iransaclions costs was shown earlier to reduce the number of
average sccuritics held in an optimal portfolio in the case where transactions costs
are proportional to the percentage investled in risky assets. Without transactions
costs, the investor optimally holds as many sccurities as possible. With transaclions
<osts, the optimal number of average securitics is reduced to 1. See Table 10.

In the case of a superior asset and zero transactions costs, a superior asset was
shown carlicr to cause a proportion of the portfolio to be invested in the supcrior
assel.  However, if a part of the aptimal portfolio includes avernge assets, the
nvestor holds as many average securities as possible. See Table 10.

If transactions costs and a superior asset exist, both factors generally act in
the same direction, That is, a proportion of the portfolio is held in the superior
assel and the rest of the portfolio is held in average assets. Usually, the number
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Table 10: Number of Average Securities in Optimal Portfolio

No Pasilive
Transactions | ‘Iransactions
Costs Costs
Average All
Assets Average n
Only Asscts
Avcrage and All
Superior Average "
Assets Assels

N = number of average asscts

n = optimal number of average assets with transaclions cosls

n, = optimal number of average assets with transactions costs and superior
informalion

n<N

e < N

of average assets with transactions costs and a superior asset (4;) is less than the
number without the superior asset (1), See Table 10,

The introduction of a superior asset toa world ol average assels with (ransactions
costs has two impacts.2! First, since some proportion of the portfolio is invested
in the superior asset, a smaller dollar amount is invested in average nssets. From
the discussion of transactions costs and portfolio size, a smaller amount of wealth
invested in average assets increases the cost per dollar if there are wealth economies
and reduces the optimal number of average asscts in the portfolio. Second, since
therc is an additional (supcrior) asset, there is a potential for an added diversification
benefit from increasing the number of average assets, The optimal number of
average assets depends upon the net impact of both of these effects.

Extensive simulations have found that the number of average assets is reduced
for linear total cost functions (assuming (ransactions costs are proportional to a),
as long us the correlation coefficient (ry,) between the supetior assct and average
assets is non-negative. If the total cost function is convex (i.c. dC/dn > 0 and
dC?/dn* > 0), the cost disadvantage of adding securities is larger, implying that
the number of average assets must also decrease for ry, > 0 as the superior asset
is added.

For negative correlation coefficients, a superior asset may actually incrcase the
number of average assets, becausc the diversification ¢ffect outweighs the wealth
effect. For example, consider a linear total cost function with a/ W = 0005, fixed

DA formal analysis is presented in Appendix B.
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cost of zero, i, = .10, jty = 08, Ry = .03, 0, = 0, = 02, r = .50, and

Iea = —.50. Without a superior asset, the optimal portfolio has six average assets
(n). With a superior asset, the oplimal portfofio has eight supcrior assets (ns = 8
and p = .43).

In the usual case, the wealth effect is stronger than the diversification effect and
the introduction of a superior asset reduces the oplimal number of average assets.

VIl CONCLUDING REMARKS

The potential gains from partfolio diversification are well known, However, many
practitioners refrain from holding a portfolio with a large number of securilies.
Using a mean-variance framework, this paper altempts (o resolve this apparent
contradiction by comparing the incremental gains from diversification against two
offselting factors: transaction costs and superior information.

The main results of the paper are:

1. About 90% of potcntiat diversificalion benefits arc shown lo occur with a
portfolio size of 10 securitics for a correlation cocfficient of' .50 or larger if
all securities have the same covariances. If covariances differ, somewhat
larger portfolios are required.

2. In the presence of (ransaction costs, portfolio separation does not hold.
Optimal portfolio size depends upon the transactions cost function, wealth
economies, and investor preferences. If brokers charge n constant dollar
charge per share purchased, investors hold all available sccurities. If the
brokerage cost function is lincar with a charge for cach stock purchased,
the optimal portfolio size decreases as the correlation cocfficient between
securilics increases, as wealth decreases, and as brokerage costs decrease,
For many small investors, optimal portfolio size is quite small for available
brokerage schedules,

1. The existence of a superior assct brings about a significant reduction in the
gains from diversification for relatively small amounts of special informa-
tion.

4, In gencral, the existence of both a superior asset and lransactions costs rc-
duce the optimal number of average asscts in the portfolio. In this world of
concentrated portfolios, the Generalized CAPM of Levy (1978) describes
cquiltbrium,
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X, APPENDICES
APPENDIX A: A SYMMETRIC DISTRIBUTION OF STANDARD DEVIATIONS

The text of this paper assumes that al! securities have the same standard deviations.
Now consider the case where the standard deviations differ, but are symmierric about
their mean o, The eorrelations are identical. There are several cases lo examine.

Case 1. There are two valucs of the standard deviation: ¢ — A and o + A.
Case2. Thereare three values of the slandard deviation: o — A, o, and o + A.

Case 3. There are four values of the standard deviation: ¢ — A, 0 — A /2,
o+ A2, 04 A,

Case 4. There are five values of the standard deviation: o — A, o — A /2,
o+ Af2,ando + A,

etc.

Assume that an investor follows the sirategy of pulling an equal proportion
of wealth in each level of slandard deviation, In Case 1, the investor buys n/2
sccurities of each of the 2 types. In case 2, the investor buys /3 in each of the 3
types. And so on,

It is obvious that the portfolio standard deviation in Case t must be lacger than
the portfolio standard deviation in each of the other cases. Thus, Case | isan upper
bound for portfolio standard deviatian.

At the end of appendix A, the portfolio standard deviation in Case | is shown

to equal
L—r A?
op =0 fr+ = l+_ql
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'The percentage of attainable risk reduclion is

e[+ 5]
1-J/r

Solve for the portlotio size n for a given level of risk reduction x.

x=1-

a-nfi+4]
H= '
[t —x¢t~ .,/F)]2 —r
When the standard deviations are the same, A = 0. Call the value ol # for

which A = 0, ig. Then,
AZ
=y [l + -—5]
a

"The highest possible value of A is o, implying thal A?fo? = | and

n<2ng

“Thus, for a symmetrical distribution of the standard deviation about its mean,
the portfolio size n to achieve a given percentage of risk reduction can never
exceed twice the value in Table 1. For example, for A = 0, approximately 88%
of attainable risk reduction can be achieved with L0 different sccurities if r > .50
When A > 0, no more than 20 securilics are required for the same 88%.

The preceding argument assumes that the distribution of standard deviations is
symmetric about its mean. If the symmetry assumption is suspended, the same
upper bound applies ifthe distribution is skewed to the right and the largest standard
deviation does not exceed twice the mean.

If the distribution of standard deviations is nonsymmetric about the mean stan-
dard deviation, let the largest standard deviation equal o -+ ko. In other words,
A = ko. Then, by the same line of reasoning, the largest value of the optimal
portlolio size cannot exceed ng(f + ko' /o) = ng(1 + k). Optimal portfolio sizes
cannot exceed (1 + &) times the numbers in Table 1.

The preceding arguments assume cquai proportions invesied in cach sccurity
1o derive upper bounds for portfolio size. In general, putting equal proportions in
each security is an inferior strategy when standard deviations differ. It is better to
concentrate the portfolio in the lower standard deviation sceurities, ceteris paribus.
Consequently, fewer securitics than the upper bounds are required to attain a given
level of portfolio risk.

PROPOSITION. /n Case [,
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The two standard deviations in Case I area — A and o + A. Choose n/? from
each group.

The variance covariance matrix is
Quadrant | Quadrant IT

(0= Ao — A)r... | (02 = ADr,,.
(o0 — Ayr{oc — A) v

(62— AYDr... (0 + Ao+ Ay...
. (o0 + Ao+ A)

The sums of four quadrants arc

Quadrant 1.
A - U L A2
Sl 2a'A+A]+2[2 l][cr Al%r
Quadrant 1. ;
TR} 2 A2
[51[5]e" - 2%
Quadrant 111,

31(5)e-

Quadrant 1V. Take the sum of the terms and divide by #2, the praportion
invested in cach securily to get the variance.

. et [n :
5lo +2aA+A]+2[2 t][a+A1r

APPENDIX B: DERIVATION OF dm/dn FOR COSTS PROPORTIONAL TO @,

Algebraically, an investor would like to maximize the slope, m, of the rays through
the risk-free rate and the various possible portfolios. This slope represents the
market price of risk.,

i || et C(")]

Ta ‘/r+ 'n;’
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=dC(n) (ta— Ry —Cla)1—r}
dm — _]__ dn n'

— +
W | i

Since | /o, is in both terms, the optimal portfolio size does not depend upon the
standard deviation.

a—ReCBN =l dCln)
_2nf|r(E-r)/n) dn

an - e JrrQ=nin

dm

Since -
l—r _ T
20y + (1 = r)/n) a,
dm [#a — Rj -~ C(n)) [_d‘;.:!d“] - ‘15,{:')
dn oy
Therefore,
dm 5 o po — Ry = C(n) 5, 2
L o < =
dn
J excess return A
m -~ ) . s Acost
o 2 as per unit of =

portfolio o

OrTIMAL PORTPOLIO SIZE WITH LINEAR CCST FUNCTION
The linear cost function is
coy=224p
W

dC(n) a

an W
Set dm /dn equal to zero.

(L= r{pa = Ry = (F+8)] _ dC)
2n? [r + -“—,7,-"'1] dn
Substitute for 4C(n)/dn and rearrange.

n? [_I_Z-r_r} +n(3) 4 [(—D(pea — Ry = B)] [W] =0

a

I{ the correlation coefficient r is zero, this simplifies to

W
3 + [(~1)tta — Ry = )] [ ] =0,

4]
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When r = 0, the optimal portlolio size is

Jta— Ry = b

"= T3

When r is not equal to zero, use the quadratic formula.

=3+ /9 [E][ 255

n=

L dr g
l—r

PROOF THAT dn/dr < (.

Express the optimal n as NUM / DEN. Then,

dn  _ _NUM] 4 h 4r ]
dr [ DEN? [l—r (1-r)?
| 5 8W(py — Ry —b) | r
+[DEN][\/EH a ][1—r+(1~r>2]

X=9+[ 8r ][W(#a-—Rf—-b):I

where

l—r a

dn

a-r--:.Oas

] 8W(u, — Ry — b) r NUM 4 r
[zﬁ][ a(l=r) ][‘+l—r]<[oﬂ~][l—r][”l—r]

Cancel terms, substitute for NUM / DEN.,

3ﬁ<x_[4Wr][p,-—Rf—-b]

l—r a

Substitute for X, and simplify the right side. Then square both sides.

Bl+[72rW] ,uu—R;—b] < 72rW][un—Rf—-b
b= a l—-r a

16W2p2
bl | — R, = b1?
+ [az(] _r)z][.ua Ry - 0]

Simplify. o
& 2
0< [T e = &y =

Since the right side is positive, this condition must always hold.




il

54 Azriel Levy and Miles Livingston

APPENDIX C: OPTIMAL PROPORTION INVESTED IN SUPERIOR ASSET

My — Rf
Op

m_,, =

pits + (1 = P, — Ry

My = —eetoe Lt 0
g v 1’2‘7,2 + (1 - P)zan +2p(1 - plosayrm

Rewrite as
pA+ B
Vp*D—2pE +0?

where

A = py-p,

B = I-l-n = Rf

D = o406} 20,0,

E = rrnz = Oyylsp

dm, A (pA+ BY1/D(@pD — 2E)

s

=

dp oy o3,
setdmpfdp =0
A _ (pAL+BYpD —E)
CI", - O'Poﬁ

Agy = (pA+B)(pD — E)

Substitute for a;

PrAD = 2pAE + Aal = p*AD — pAE + pBD — BE

Solve for p
_ Aa?+ BE
P=AE+BD

Substitute for A, B, D, E,

— {j1s — f‘-u)a,? + (e — RI)(U} ~= Oplrgp)
(e — ll‘n)[o};" — Onssa) + (jtn — Rj)(a}z + Uﬂz — 20,0150}

P
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Simplify the numerator and denominator and then divide each by (1, — Ry)a2

=By o

= Jta=Ry n.,r”‘
K _Rl i’ -8y -
wty + :_.'f - [l + m—R,r]
p - ,L hans ﬂ'r_m
p+ot—org(l+p)
For
,u.-l—of2 —ary(l4+u) >0,
p > 1when

=0Ty > p+a® —ory(l+p)

e
Olguft > 0"

ag
Fsp > —

APPENDIX D: SUPERIOR ASSET AND NO TRANSACTIONS COSTS

L Proof that dp/du > 0if ry < (r™)>.

3 i _ NUM
Pt <L —enam  DEN
ojrt Oar*

— O em—— . —

dp 1 NUM | _ Tsfsa |
Oar*

Assuming DEN > 0,

dp> = OsFsq |
dnzo s 1z l_ﬂ'u"'-

Substitute for p, cross-multiplicity, cancei terms, resulting in

2,2
dp > %3 %l
du < oglr= < okr!
dp >
el o,
oz 0 as r'Zrg

Assuming ryp < L, 5y < (r7)3, implying that dp/du > 0.

II. Proof that dp/do; < 0

dp = NUM [2a, _r,,,(t+,u)]
do; ~ DEN DEN? |o,r* ol
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Assuming DEN > 0,

do, < Oar* oot | < ourt
For p > 0,
dp - > 20, Fea
—— =0 as r(l + —
da’, < .ﬂ!( + "L) 0’“2’ . I)

Case!l. 1fry,=0,dp/da, <0

Case 2. Ifry, > 0, divide by ry, and rcarrange to

Note: p % 1asu % Ty [Aqlsa
pr = ],dp/d(:r, < 0-

HO<p<lp—agy/or, <0and /p — 1 >0, implying dp/dry, < 0.

Case3. Ifry, <0,

dp 20,
da, 20 as P [r,a(l + 1) — ;] % Vg

Substitute for p and simplify, Since the right side is positive, if 1y, < 0, dp/da;

<0,
dp - > 2u0;
?’ZEO as lm[ﬂ + 2': ]< o
2
dP > > Jr:TUL
do, <0 M2 ST
s e+ ;er.

IIL. Proof that dp/dr,, = Oas Z o four*

dp _ Gt NUM -l + )
dry,  DEN  DEN? Oar*

dp = L gy, pos(l +p)

dry, < 2% DEN[ a,r W+ o,r*

Assuming DEN > 0,

dp 20 as p[".m(l + 1) _ 20 ] > Vs

AV

= A AR R oS # TR T s o 1, S b R i 4 e i 05 e T A

ST Y
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Substitute the definition of p, cross-multiply and simplify 10

il.)_ = Q0 as u?' Pt _..—0"2
drea < < gire
dp - > O
=0 as pz—
drya < < or*
This condition is the same as
w3z o
>
iz asfoy
ormy, Z mu/Vrt

I p is relatively large (small), dp/dria > 0 (dp/drs, < 0).

APPENDIX E: TRANSACTIONS COSTS AND A SUPERIOR ASSET

With a superior asset and iransactions costs proportion to , the investor desires
to maximize m,, where

I‘-p =i Rf = C(’l, 'I' l)
ap

mg =

n, = number of average assets in a portfolio including a superior asset and the
totat cost per dollar of wealth = C(n + 1) = D(n; + 1)/ W. The portfolio mean
is 1 and the portfolio variance is o} where

pp = pits + (1 — p)fta

1-r

o? = p*al+ (1 - p)o] [r + ] +2p(1 = p)osCulsa

L)

The first order conditions are to take dm, /dp and dm, fdn, and sct cqual to zero.
In general, the results are very complex because the percentage cosl C(n, + 1)
depends upon the proportion invested in the superior assel.

However, for two cases the perceniage cost does not change as the proportion
invested in the superior assel varies. (1) For large volume discount brokers, the
brokerage cosls are simply a percent of total wealth. (2) For simple linear cost
functions, the percent brokerage cost can be shown ta be independent of the pro-
portion invested in the superior asset. In these cases, the results for dm,/dp arc
very similar to Appendix C, We find that

— p' = 0ry
T ut ot —rao(l+pt)

P
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where

= u-; — Rf e C(”;"" ])
} fo— Ry =Clng + 1)

For dmy fdn;
dm; _C' + [y — Ry — Clng + 1)U - plai(l-r)

—— T

dn, o, 2a3n?

where C' = dC(n, + 1)/dn,. Sctdmfdn, equal lo zero and solve.

2 _ .50’3(1"'")][2& 2
n, = [—-—C' o (t—p)

Without a superior asset, p = 0 and

mEe
C} oy

Comparing (hese Iwo cquations, the impact of a superior assct depends upon two
effecis.

i, Wealth effect: (1 — p)?. Since (1 — ,u)2 is sminller than {, this etfect tends
Lo reduce #; compared lo .

i, Diversilication cfect; Since we expect that my /o, > mfop, this cffect
tends to increase ny.

The net impact of the introduction of a superior asset upon the number of
average assels depends upon both effects. An cxtensive numerical cvaluation has
been found that the wealth cffect dominates for ry, > 0. That is, a superior assct
reduces the optimai naumber ol average assets as long as rsa = 0.
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